Abstract. We give a new and very intuitive construction of Hyodo-Kato cohomology and the Hyodo-Kato map, based on logarithmic rigid cohomology. We show that it is independent of the choice of a uniformiser and study its dependence on the choice of a branch of the p-adic logarithm. Moreover, we show the compatibility with the classical construction of Hyodo-Kato cohomology and the Hyodo-Kato map.
Introduction
Let V be a complete discrete valuation ring of mixed characteristic (0, p) with fraction field K and residue field k. Let F be the fraction field of the ring of Witt vectors W (k). HyodoKato theory was established by Hyodo and Kato [HK] as an answer to the question of Jannsen [Ja] concerning a cohomological construction of a (ϕ, N )-module structure on the de Rham cohomology groups of proper schemes over V of semistable reduction. More precisely, they defined the crystalline Hyodo-Kato cohomology RΓ cris HK (X) whose rational cohomology groups are finite dimensional F -vector spaces, endowed with a Frobenius-linear automorphism ϕ, an F -linear endomorphism N satisfying N ϕ = pϕN , and a homomorphism Ψ cris π : H cris,i HK (X) → H i dR (X K ) which is an isomorphism after tensoring with K. The latter depends on the choice of a uniformiser π of V , and a change of uniformiser is encoded in a transition function involving the exponential of the monodromy.
Hyodo-Kato cohomology is a key object in the formulation of the semistable conjecture of Fontaine and Jannsen [Fo] which restores the Galois action on theétale cohomology from the additional structures on the Hyodo-Kato and de Rham cohomology. Therefore it plays an important role in several areas of arithmetic geometry, including the research of special values of L-functions. The semistable conjecture is now a theorem due to different proofs by Tsuji [Ts] , Faltings [Fa2] , Niziol [Ni] , and Beilinson [Bei] . In particular, Beilinson represented crystalline Hyodo-Kato cohomology by a complex with nilpotent monodromy. What is more, his construction of the Hyodo-Kato map is independent of the choice of a uniformizer. This enabled Nekovář and Nizio l to extend syntomic cohomology to K-varieties. However Beilinson's Hyodo-Kato theory doesn't lend itself to explicit computations, as it is based on very abstract (crystalline) considerations.
Whereas the original construction used crystalline methods, Große-Klönne proposed a rigid analytic version of the Hyodo-Kato map [GK] , based on log rigid cohomology instead of log crystalline cohomology. It provides a description of the Hyodo-Kato map in terms of p-adic differential forms on certain dagger spaces. However it depends on the choice of a uniformiser of V and passes through several zig-zags of quasi-isomorphisms whose intermediate objects are quite complicated. For example, even if X is affine, we have to pass through the cohomology of simplicial log schemes with boundary which are no longer affine. Therefore his Hyodo-Kato map is also difficult to compute explicitly.
Our motivation is to establish a rigid Hyodo-Kato theory which would lend itself to explicit computation and which would be independent of the choice of a uniformiser. In this paper, we first give a new definition of rigid Hyodo-Kato cohomology RΓ rig HK (X ) using a construction due to Kim and Hain [KH] . A difference to [KH] is that we use a complex ω • Z/W ∅ ,Q [u] on a dagger space over the open unit disk, instead of a complex on the fiber at zero. This small difference allows us to define a rigid Hyodo-Kato map Ψ π,q : RΓ HK (X ) → RΓ dR (X ) in a very simple and natural way. Thus it can be computed explicitly in terms ofČech cocycles. The authors expect that this feature will be instrumental in extending the construction of the Hyodo-Kato morphism to more general variants of cohomology theories, such as cohomology with coefficients in log overconvergent F -isocrystals.
Furthermore, our rigid Hyodo-Kato map slightly generalises the original Hyodo-Kato map, in the sense that the definition of Ψ π,q involves not only the choice of a uniformiser π of V but also of a non-zero element q of the maximal ideal of V . We will see that it is in fact independent of the choice of π, and depends only on the branch of the p-adic logarithm defined by q. This is consistent with the fact that the Dieudonné functor D st depends on the choice of a branch of the p-adic logarithm. We will also see that our construction of the rigid Hyodo-Kato map for the choice q = π is compatible with Hyodo-Kato's original and with Große-Klönne's construction for the choice π.
In this paper we define weak formal schemes which are not necessarily p-adic and use them to define (log) rigid cohomology, in order to simplify constructions and arguments. Moreover it provides an advantage for applications as in §5. We point out that weak completeness is unlike completeness a relative notion. While some notions concerning weak formal schemes not necessarily p-adic depend a priori on the choice of generators of the ideal of definition, it turns in fact out that they are independent of such a choice.
Overview of the paper. We start with technical preparations in §1, where we discuss notions and properties of pseudo-wcfg algebras. This allows us to extend the notion of weak formal schemes to include those not necessary p-adic. In §2, we briefly recall the definition of logarithmic rigid cohomology in general. Throughout, log structures of all (weak formal) log schemes are defined as sheaves with respect to the Zariski topology. Note that fine log schemes with respect to the Zariski topology correspond to fine log schemes with respect toétale topology which Zariski locally admit charts via the equivalence of categories in [Sh1, Cor. 1.1.11] .
Based on this, we introduce in §3 more specifically rigid Hyodo-Kato cohomology with Frobenius and monodromy operators. We also relate it to other log rigid cohomology theories. In §4, we define the rigid Hyodo-Kato map, We study its dependence on the choice of a uniformiser and a branch of the p-adic logarithm, and show that it becomes an isomorphism after tensoring with K. To illustrate our results, we compute in §5 the rigid Hyodo-Kato cohomology and the Hyodo-Kato map of a Tate curve. In §6, we compare our rigid Hyodo-Kato map and the classical crystalline Hyodo-Kato map in siutable situations.
Weak formal schemes
In this section we slightly generalise the notion of weak formal schemes, originally defined by Meredith [Me] . While in his sense all weak formal schemes are adic over the base ring, we don't make this assumption. This takes advantage of the favourable properties of weak formal schemes, but in addition simplifies many of the technical arguments. A key point is that it allows us to define canonical exactifications of an immersion of weak formal log schemes. As we will see later in §5, this generalization is also useful for applications.
Let R be a noetherian ring with an ideal I. For any n ≥ 0, we denote by R [n] the polynomial algebra R[s 1 , . . . , s n ] and by I [n] ⊂ R [n] the ideal generated by I and s 1 , . . . , s n . Denote by R the I-adic completion of R.
Recall that for an R-algebra A, the I-adic weak completion A † of A is the R-subalgebra of A = lim ← −n A/I n A which consists of elements ξ which can be written as ξ = i≥0 P i (x 1 , . . . , x r ), where x 1 , . . . , x r ∈ A, P i (X 1 , . . . , X r ) ∈ I i · R[X 1 , . . . , X r ], and there exists a constant c > 0 such that
for all i ≥ 0. An R-algebra A is said to be weakly complete if A † = A, and weakly complete finitely generated (wcfg) if there exists a surjection R[t 1 , . . . , t n ] † → A over R.
According to a remark in [MW] weakly complete algebras over R and R are equivalent to each other. With a slight modification of the argument, we can show that this is also true for weakly complete algebras which are in addition weakly finitely generated. Lemma 1.1. For any wcfg R-algebra A, the structure map uniquely extends to a homomorphism R → A of R-algebras, and A is I R-adically wcfg over R. Conversely, a wcfg algebra over R is also wcfg over R.
Proof. Let A be a wcfg R-algebra with a representation ρ : R[t 1 , . . . , t k ] † → A. The first claim of the lemma is just [MW, Thm. 1.5] , because R † = R.
We claim now that A is weakly complete over R. To show this let
where x 1 , . . . , x r ∈ A, P i (X 1 , . . . , X r ) ∈ I i · R[X 1 , . . . , X r ], and there exists a constant c > 0 such that
for all i ≥ 0. This is an element in the I R-adic weak completion of A. Taking I-adic expansions of coefficients, each P i can be written as
where
for any j ≥ 0, then we have
and degP
Thus ξ is an element of A since A is weakly complete over R, and this shows the claim.
Next we prove the converse. Let A be a wcfg algebra over R with a representation
The same computation as above where we constructed P ′ j from P j , also show that this map is surjective and that A is in fact wcfg over R. Remark 1.2. Let A be an R-algebra and fix elements x 1 , . . . , x r ∈ A, ξ ∈ A. Assume that ξ can be written in the form
and there exists a constant d > 0 such that
for all α ∈ N r . Then ξ can also be written as
where P i (X 1 , . . . , X r ) ∈ I i · R[X 1 , . . . , X r ] and there exists a constant c > 0 such that
for all i ≥ 0. The converse holds if R is I-adically complete, but not in general.
Definition 1.3. A topological R-algebra A is pseudo-weakly complete finitely generated (pseudowcfg) if there exists an ideal of definition J of A and a finite generating system f 1 , . . . , f n ∈ A of J such that A is I [n] -adically wcfg over R [n] with respect to the map
This means that there exists an integer k ≥ 0 and an R [n] -linear surjection
whose domain denotes the
In this case, we call ρ a representation of A. A morphism of pseudo-wcfg algebras over R is a morphism of topological R-algebras.
Lemma 1.4. Let A be a topological R-algebra with an ideal of definition. Choose elements f 1 , . . . , f n ∈ A which generates an ideal of definition of A. Then the I [n] -adic weak completion of A with respect to the map
is, up to canonical R-linear isomorphisms, independent of the choice of an ideal of definition and and its generators.
Proof. Assume that ideals J = (f 1 , . . . , f n ) and J ′ = (g 1 , . . . , g m ) define the same topology on A. Let B and B ′ be the weak completions of A obtained from f 1 , . . . , f n and g 1 , . . . , g m respectively.
We denote by
the structure maps over R [n] and R [m] respectively. It is enough to show that B and B ′ coincide with each other as A-subalgebras of A, the J-adic completion of A. We claim that B ′ is I [n] -adically weakly complete over R [n] with respect to the composition
Thus consider a series
, and there exists a constant c > 0 such that
for any i. This is an element in the I [n] -adic weak completion of B ′ with respect to R [n] θ − → A → B ′ . We will show that ξ lies in fact in B ′ . Since J and J ′ define the same topology, there exists an integer k ≥ 0 with J k ⊂ J ′ . Let F 1 , . . . , F N ∈ A be the monic monomials in f 1 , . . . , f n of degree k, i.e. each F j is of the form
in terms of the generators g 1 , . . . , g m of J ′ with some y i,j ∈ A. For each i ≥ 0, P i can be written as
. Moreover, the image of h i,α in A under θ is a series
Thus we obtain
where Λ ℓ is the set of all systems i, α, β, γ, (ℓ i,j ) 1≤i≤N
and the polynomial Q λ is defined by
Note that for any λ ∈ Λ ℓ , (1. 6) implies that i must satisfy i ≤ k(ℓ + 1), and hence that Λ ℓ is a finite set. Since we have
-adically weakly complete over R [m] , we see that ξ lies in R [m] . This proves the claim.
Corollary 1.5. Let A be a topological R-algebra. Then A is pseudo-wcfg if and only if the condition in Definition 1.3 holds for any ideal of definition J of A and any finite generating system f 1 , . . . , f n of J.
Proof. We use the same notation as in the proof of Lemma 1.4. By the lemma, the I [n] -adic and I [m] -adic weak completeness of A are equivalent to each other. Moreover the computation in the proof of the lemma also shows that if (x i ) 1≤i≤r is a weak generating system of A over R [n] , then
, and (f i ) 1≤i≤n together form a weak generating system of A over R [m] .
Let A be a pseudo-wcfg R-algebra with a representation ρ :
Let J ⊂ A be an ideal (not necessarily an ideal of definition) with a generating system f 1 , . . . , f m ∈ A. Define the weak completion of A along J as the I [n+m] -adic weak completion of A with respect to the map
In the following statement, we denote it by A ′ . Proposition 1.6. Let A, J, and A ′ be as above. The weak completion A ′ is pseudo-wcfg over R and independent of the choice of a representation ρ and a generating system f 1 , . . . , f m of J.
Proof. The independence follows from Lemma 1.4, since the topology on A defined by the image of the ideal I [n+m] A is independent of ρ and f 1 , . . . , f m . We will show that A ′ is pseudo-wcfg. The I [n] -adic weak completion of the map
, and there exists a constant c > 0 such that c(i + 1) ≥ degP i for any j ≥ 0. Since ρ is surjective, each x j can be written as
for any j = 1, . . . , r and ℓ ≥ 0. If we write
we obtain an expression ξ = q≥0 λ∈Λq
where Λ q is the set of all systems i, α, (ℓ j,ν ) 1≤j≤r
and the polynomial F λ is defined by
We note that Λ q is a finite set. Since we have
there exists a constant c ′ > 0 such that degF λ ≤ c ′ (q + 1). This shows the surjectivity of ρ ′ .
Lemma 1.7. The category of pseudo-wcfg R-algebras has fibre coproducts. We denote them as
Proof. Let A → A i for i = 1, 2 be continuous R-linear maps between pseudo-wcfg algebras over R. Take generating systems f i,1 , . . . , f i,n i of ideals of definition of A i for i = 1, 2. Then the I [n 1 +n 2 ] -adic weak completion of A 1 ⊗ A A 2 with respect to the map
is independent of any choices, and gives the fibre coproduct. Definition 1.8. Let A be a pseudo-wcfg R-algebra with a representation
f is independent of the choice of representation.
We define Spwf A to be the ringed space whose underlying topological space is Spec A/J for some ideal of definition J of A and the structure sheaf O Spwf A is defined by
Note that the topological space Spec A/J is independent of the choice of J. Moreover the structure sheaf O Spwf A and hence the ringed space Spwf A are also well-defined. Indeed, we may directly apply results in [Me] , since A is a wcfg algebra over R n by Lemma 1.1.
The weak formal schemes considered in a classical context are adic over the base ring R. Now we extend this notion, so that it includes weak formal schemes which are not necessarily adic over R. Definition 1.9. A weak formal scheme over R is a ringed space which admits an open covering {U i } such that each U i is isomorphic to Spwf A for some pseudo-wcfg R-algebra A. Lemma 1.10. The category of weak formal schemes over R has fibre products.
Proof. This follows from Lemma 1.7 with standard arguments. Definition 1.11. Let Z be a weak formal scheme over R and J an ideal of O Z . For any open affine weak formal subschemes U ⊂ Z, we may define the weak completion of Γ(U , O Z ) along Γ(U , J ), which is well-defined by Proposition 1.6 This glues to form a weak formal scheme Z ′ . We call Z ′ the weak completion of Z along J .
Let j : Z ′ ֒→ Z be an immersion of weak formal schemes over R. Then j can be written as a composition of a closed immersion Z ′ ֒→ Z ′′ and an open immersion Z ′′ ֒→ Z. The weak completion of Z ′′ along the ideal of Z ′ in Z ′′ is independent of the factorization of j. We call it the weak completion of Z along Z ′ . Definition 1.12. Let f : Z ′ → Z be a morphism be a morphism of weak formal schemes over R.
(1) We say that f is adic if there exists an ideal of definition of Z such that its inverse image by f is an ideal of definition of Z ′ . Note that in this case any ideal of definition of Z satisfies this property. (2) We say f is smooth (respectively unramified,étale) if the infinitesimal lifting property holds in the following sense: For any affine weak formal scheme Y over Z and any closed weak formal subscheme X ֒→ Y defined by a square zero ideal, the induced map
is surjective (respectively injective, bijective).
Remark 1.13. Note that the results in [AJP, Prop. 2.3] and [AJP, Lem. 2.7] imply that a morphism f : Z ′ → Z of weak formal log schemes is smooth (respectively unramified,étale) if and only if its completion f : Z ′ → Z is a smooth (respectively unramified,étale) morphism of formal schemes.
For a closed immersion of (weak) formal schemes i :
Proposition 1.14 (Jacobian criterion). Let f : Z ′ → Z be a smooth morphism of weak formal schemes and i : Z ′′ ֒→ Z ′ a closed immersion defined by an ideal J ⊂ O Z ′ . The following are equivalent:
Z ′′ /Z → 0 given in the usual way is exact and locally split, (3) The sequence of coherent O Z ′′ -modules
given in the usual way is exact and locally split.
Proof. The equivalence of (1) and (3) follows from Remark 1.13 and [AJP, Cor. 4.15] . The equivalence of (2) and (3) follows from the fact that the completion of a wcfg algebra A is faithfully flat over A. 
Proof. Note that f is adic since it is homeomorphic andétale. We may assume that Z = Spwf A and Z ′ = Spwf A ′ are affine. Let J be the ideal of Y in Z, and take generators t 1 , . . . , t n of J. Then by Lemma 1.15 and Corollary 1.5 A and A ′ can be regarded as wcfg algebras over
is a homeomorphic closed immersion of schemes, and hence an isomorphism. Consequently the projection f : Y × Z Z ′ → Y which corresponds to the map A/J → A ′ /JA ′ is also an isomorphism. By [MW, Thm. 3.2 (2) ] it follows that f is an isomorphism.
The above lemma gives rise to a strong fibration theorem similar to [Ber, Thm. 1.3.7] . 
Proof. By Proposition 1.14 there is a natural isomorphism
As a consequence, g isétale. Thus the claim follows from Lemma 1.16. Remark 1.18. Locally one can find sections t 1 , . . . , t d as in Proposition 1.17, because C Y /Y ′ is locally free.
We may define the notion of continuous differentials as in [MW] , which is of course used for the definition of rigid cohomology. Definition 1.19. Let A → A ′ be a morphism of pseudo-wcfg algebras over R and J be an ideal of definition of A ′ . We define the complex of continuous differentials on A ′ over A by
where Ω
• A ′ /A is the complex of Kähler differentials of A ′ over A. This is independent of the choice of an ideal of definition J.
For a morphism of weak formal schemes Z ′ → Z over R, we denote by Ω • Z ′ /Z the complex of sheaves on Z ′ whose sections are given by continuous differentials. Proposition 1.20. Assume that R is a complete discrete valuation ring of mixed characteristic (0, p) and let K be the fraction field of R. Let A be a pseudo-wcfg R-algebra with an ideal of definition
is wcfg over R. The dagger space k≥0 Sp (A[
Definition 1.21. Assume that R is a complete discrete valuation ring of mixed characteristic (0, p) and let K be the fraction field of R. For a weak formal scheme Z over R, take an affine
We call the resulting dagger space the dagger space associated to Z.
Finally, we extend the notion of log schemes of [Kato] in the obvious way to weak formal log schemes.
Since we have a natural definition of weak formal schemes along closed weak formal subschemes, we may define the exactification of a (closed) immersion of weak formal log schemes in the same manner as in the case of formal log schemes.
Proposition-Definition 1.22 ([Sh2, Prop.-Def. 2.10, Cor. 2.11]). Assume that R is a complete discrete valuation ring of mixed characteristic (0, p). The natural inclusion from the category of homeomorphic exact closed immersions of weak formal log schemes over R to the category of immersions of weak formal log schemes over R has a right adjoint of the form (Z ֒→ Z) → (Z ֒→ Z ex ). Moreover, the canonical morphism Z ex → Z defined by adjointness is logétale. We call this right adjoint functor the exactification.
Log rigid cohomology
In this section we discuss the theory of log rigid cohomology using weak formal log schemes. Let k be a perfect field of characteristic p > 0. Denote by W = W (k) the ring of Witt vectors of k, by F := Frac(W ) its fraction field and by σ : W → W the Frobenius morphism.
Definition 2.1. Let T be a fine log scheme of finite type over k, T be a fine weak formal log scheme over W , and ι : T ֒→ T be a homeomorphic exact closed immersion. Assume that the underlying weak formal scheme of T is flat over W . A log rigid triple over ι : T ֒→ T is a triple (Y, Z, i) consisting of a fine log scheme Y of finite type over T , a fine weak formal log scheme Z which is log smooth over T , and a homeomorphic exact closed immersion i : Y ֒→ Z over T . In this situation, we also call (Z, i) a log rigid datum for Y over ι :
A morphism of log rigid data for Y is a morphism of log rigid triples of the form (id Y , f T ).
Furthermore assume that a lift σ : T → T of the p-th power Frobenius on
T ֒→ T and a lift φ : Z → Z of the p-th power Frobenius on Z × W ∅ k ∅ which is compatible with σ on T . In this situation, we also call (Z, i, φ) a log rigid F -datum over (ι : T ֒→ T , σ) for Y . A morphism of log rigid F -quadruples (respectively log rigid F -data) is a morphism of log rigid triples (respectively log rigid data) which is compatible with the Frobenius lifts. We often omit the expressions "over ι : T ֒→ T " and "over (ι : T ֒→ T , σ)" if there is no ambiguity.
Proposition 2.2. Let Y be a fine log scheme of finite type over T . The category of log rigid data for Y and the category of log rigid F -data for Y have direct products.
Proof. For two log rigid data (Z, i) and (Z ′ , i ′ ), let i ′′ : Y ֒→ Z ′′ be the canonical homeomorphic exactification of the diagonal embedding Y ֒→ Z × T Z ′ . Then (Z ′′ , i ′′ ) is the direct product of (Z, i) and (Z ′ , i ′ ) in the category of log rigid data for Y .
If φ and φ ′ are Frobenius lifts on Z and Z ′ , then (φ, φ ′ ) : Z × T Z ′ → Z × T Z ′ is compatible with the p-th power Frobenius on Y , and hence it extends to a morphism φ ′′ : Z ′′ → Z ′′ by functoriality of exactifications. Then (Z ′′ , i ′′ , φ ′′ ) is the direct product of (Z, i, φ) and (Z ′ , i ′ , φ ′ ) in the category of log rigid F -data for Y . Definition 2.3. Let (Y, Z, i) be a log rigid triple. We denote by ω • Z/T ,Q the complex on Z given by tensoring O Z with the log de Rham complex ω • Z/T of Z over T . We define log rigid cohomology of Y over T ֒→ T with respect to (Z, i) to be
Remark 2.4. Let Y be a fine log scheme of finite type over T , Z a weak formal log scheme which is log smooth over T . Let Y ֒→ Z be an exact closed immersion (not necessary homeomorphic) over T , and Y ֒→ Z ′ its canonical exactification given in Proposition-Definition 1.22. Note that in this case, this is just the weak completion of Z along Y . Denote by Z and Z ′ the dagger spaces associated to Z and Z ′ respectively. Then there is a canonical morphism Z ′ → Z, which isétale and induces isomorphisms
. This shows that our definition of log rigid cohomology coincides with that of Große-Klönne in [GK, §1] . Proposition 2.5. Let Y be a fine log scheme of finite type over T . If a log rigid datum for Y exists, the log rigid cohomology RΓ rig (Y /T ) Z is independent of the choice of log rigid datum up to canonical quasi-isomorphism.
Proof. For two log rigid data (Z 1 , i 1 ) and (Z 2 , i 2 ) for Y , let (Z ′ , i ′ ) be their product. Then by Proposition 1.17, the natural projections , 2) induced by the projections are quasi-isomorphisms by the Poincaré lemma.
Definition 2.6. If T is affine and admits a chart, the proof of [Sh1, Prop. 2.2.11] is valid in our situation as well. Thus for a fine log scheme Y of finite over T , one can take a simplicial log rigid triple (
Remark 2.7. By using Besser's construction as in [EY, §1] , one can define RΓ rig (Y /T ) as a canonical complex (not only on the level of cohomology).
Rigid Hyodo-Kato cohomology
In this section we define rigid Hyodo-Kato cohomology for any fine log scheme over k 0 , and study it more deeply in the semistable case.
From now on we will use the following conventions:
Notation 3.1. Let K be a p-adic field with perfect residue field k. Denote by V its ring of integers of K and by m the maximal ideal of V . Let e be the ramification index of K over Q p . Denote by W = W (k) the ring of Witt vectors of k, by F := Frac(W ) its fraction field and by σ : W → W the Frobenius morphism. Consider the weak formal scheme S := Spwf W s with log structure associated to the map N → W s ; 1 → s. Let τ : k 0 ֒→ S be the exact closed immersion defined by the ideal (p, s). Let V ♯ be Spwf V endowed with the canonical log structure, that is Γ(Spwf V, N V ♯ ) = V \ {0}. For any pseudo-wcfg W -algebra A, let A ∅ be the weak formal log scheme whose underlying space is Spwf A and whose log structure is trivial. Let furthermore σ : W ∅ → W ∅ be the Frobenius endomorphism, and extend it to σ : S → S by s → s p .
To compare our constructions with more classical ones, it will be of advantage to regard the complexes in questions as double complexes. The following conventions and statements will be used at key steps of the proof. To avoid confusion, we point out that all complexes in this paper are cochain complexes.
Definition 3.2. Let C •,• be a double complex of objects of an abelian category with differentials ∂ i,j
(1) We say C •,• is bounded above for the first (respectively the second) differential if there exists n ∈ Z such that C i,j = 0 for any i > n (respectively j > n).
• is the complex whose m-th component is k∈Z C k,m−k and whose differential is given by the sum of ∂ i,j
• is the complex whose m-th component is k∈Z C k,m−k and whose differential is given by the product of (∂ i,j
Note that there is a natural injection Tot
• be a map of double complexes which are bounded above for the second differentials.
(
Proof. This statement follows immediately from the acyclic assembly lemma [We, Lem. 2.7 .3].
Lemma 3.4. Let C •,• be a fourth quadrant double complex. Then there is a weakly convergent spectral sequence
where I E p,q 2 is the p-th cohomology of
and a convergent spectral sequence
where II E p,q 2 is the p-th cohomology of
Proof. This is given in [We, §5.6 ].
To define the rigid Hyodo-Kato complex, we use a construction due to Kim and Hain [KH, pp. 1259 [KH, pp. -1260 and extend it to general fine log schemes over k 0 .
Definition 3.5. Let (Y, Z, i, φ) be a log rigid F -quadruple over (k 0 ֒→ S, σ). We also regard (Y, Z, i, φ) as a log rigid F -quadruple over (k ∅ ֒→ W ∅ , σ). Let Y := Z × S W 0 be the fibre of s = 0. and denote by Z and Y the dagger spaces associated to Z and Y respectively. We set
) and degree zero elements u [i] for i ≥ 0 with the relations
and
and the multiplication defined by
We define completed Kim-Hain complexes ω • Z/W ∅ ,Q u and ω • Y,Q u as the inverse limits of quotient algebras
which are also CDGAs with Frobenius and monodromy actions.
Definition 3.6. Let (Y, Z, i, φ) be a log rigid F -quadruple over (k 0 ֒→ S, σ). We define the rigid Hyodo-Kato cohomology of Y with respect to (Z, i, φ) by
induced by φ and N respectively define endomorphisms ϕ and N on RΓ HK (Y ) Z , which we call the Frobenius operator and the monodromy operator respectively. Clearly they satisfy the relation N ϕ = pϕN .
Remark 3.7. Note that this definition differs from the one in [EY] . We will show however, that on the level of cohomology they coincide.
The following description of the above Kim-Hain complexes by double complexes is useful for computations.
We also define a double complex C
•,•
Y of sheaves on Y in a similar manner by using C i,j
Proof. This follows directly from the definition.
Proposition 3.9. Let Y be a fine log scheme over k 0 . If a log rigid F -datum for Y exists, the rigid Hyodo-Kato cohomology RΓ HK (Y ) Z is independent of the choice of log rigid datum up to canonical quasi-isomorphism.
as the sum-total complex of the fourth quadrant double complex
) are quasi-isomorphisms as well according to Lemma 3.3 and Lemma 3.8.
Definition 3.10. By the above proposition, we may define the rigid Hyodo-Kato cohomology RΓ HK (Y ) for any fine log scheme Y over k 0 by gluing the local construction.
Remark 3.11. Again using Besser's construction as in [EY, §1] , one can define RΓ HK (Y ) as a canonical complex (not only in the derived category).
We will pay particular attention to strictly semistable log schemes over k 0 . Here we allow log structures arising not only from degeneration but also from a "horizontal divisor". Definition 3.12.
(1) For integers n ≥ 1 and m ≥ 0, let k 0 (n, m) → k 0 be the morphism of fine log schemes induced by the diagram
where α 0 is induced by the canonical chart of k 0 , α is the natural inclusion, and β is the composition of the diagonal map N → N n and the canonical injection 
where α 0 is induced by the canonical chart of S, α is the natural inclusion, and β is the composition of the diagonal map N → N n and the canonical injection
is said to be strictly semistable if the following conditions hold:
• Zariski locally there exist a commutative diagram
where the vertical morphisms are strict and log smooth.
• φ sends the equations of flat irreducible components to their p-th power up to units.
Remark 3.13. To establish rigid Hyodo-Kato theory, it is enough to consider the case D = ∅. We will use strictly semistable log scheme as above for comparison with crystalline Hyodo-Kato theory.
Lemma 3.14. Let Y be a strictly semistable log scheme over k 0 with empty horizontal divisor, and let Y = i∈Υ Y i be the composition into irreducible components. For a non-empty subset I ⊂ Υ and k ≥ 0, let H k I be the F -vector space generated by symbols d log 
In particular, the natural map
The isomorphism of (3. 2) is given by [GK, Lem. 4.4] and [GK, Lem. 4.8] . We prove (3. 1) in a similar way. By taking a strictly semistable log rigid datum (Z, i) for Y locally, we may assume that there is a Cartesian diagram of weak formal schemes
where V I is the intersection of the flat irreducible components of Y = Z × S W 0 corresponding to elements of I, the vertical maps are smooth, and the log structure on Y I is induced by the monoid homomorphism
, which sends 1 i → 0 for i ∈ I and 1 j → t j for 1 ≤ j ≤ m. Here 1 i ∈ N I (respectively 1 j ∈ N m ) denotes the element whose i-th (respectively j-th) entry is 1 and all other entries are 0. We denote by V ′ I be the weak formal log scheme whose underlying space is V I and whose log structure is induced by the map
be the maximal open weak formal subscheme on which the log structure is trivial, i.e. it is given by inverting t 1 , . . . , t m . Let S I be the product over W ∅ of the copies of S indexed by I, and set 
).
There are canonical direct decompositions
) = H k I , the Künneth formula implies canonical isomorphisms
Taking into account the comparison theorems [BC, Thm. 6.4] and [Ki, Thm. 2.4] , it follows that the natural map
is an isomorphism. (Compare to the proof of [Sh1, Thm. 4.4.] .) This finishes the proof.
Let Y be strictly semistable with horizontal divisor D. Then U := Y \D is strictly semistable with empty horizontal divisor. The pair (U, Y ) is a strictly semistable k 0 -log scheme with boundary in the sense of [EY, Def. 1.42] . Intuitively, the different rigid cohohomology theories for U and Y should coincide. Indeed, we have the following.
Lemma 3.15. Let Y and U be as above. The natural morphisms
are quasi-isomorphisms.
Proof. Similar to [GK, Lem. 4.4] overconvergence is crucial for the statement to be true. The first two quasi-isomorphisms were already proved in [EY, Cor. 2.4 ]. The next quasi-isomorphism can be obtained similarly. Namely, by taking an open affine covering of Y we may assume that it is affine and admits a global chart. As in the proof of [EY, Lem. 1 .51] we can embed Y as a simple normal crossing divisor into a smooth k-scheme with a divisor E such that Y ′ := E ∪ Y is simple normal crossing and E ∩ Y = D. If we endow Z with the log structure associated to Y ′ , then Y ′ with the pull-back log structure is a strictly semistable log scheme over k 0 with empty horizontal divisor. There is a natural bijection between the sets of irreducible components
Thus we may regard Υ Y and Υ D as subsets of Υ Y ′ . Let I ⊂ Υ Y be a non-empty subset and let
be the respective intersections of irreducible components endowed with the pull-back log structures. There are equalities Y I = Y ′ I of log schemes. Moreover, if we set
we obtain Y ′♥ I = U ♥ I . Therefore, by applying Lemma 3.14 to Y ′ and U , it follows that the horizontal morphisms in the commutative diagram 
That RΓ HK (Y ) → RΓ HK (U ) is a quasi-isomorphism follows then by definition. More precisely, this uses that (locally) the Kim-Hain complexes in each case can be interpreted as sum total complexes of double complexes by Lemma 3.8. Then we might compare them via the acyclic assembly lemma 3.3.
Remark 3.16. To be precise, the log rigid cohomology RΓ rig (Y /V ♯ ) of a log scheme Y over k 0 depends on the choice of a unifomrizer π ∈ V , because the inclusion k 0 ֒→ V ♯ depends on that choice. However it does not play important role here. (
, which is compatible with Frobenius operators.
is a quasiisomorphism. In particular it induces a quasi-isomorphism
, which is compatible with Frobenius and monodromy operators.
→ 0 for i > 0 are quasi-isomorphisms. In particular they induce quasi-isomorphisms
which are compatible with Frobenius operators. 
We may assume that Z is affine and there exists a strict smooth morphism Z → S(n, m) as in Definition 3.12. For a non-empty subset I ⊂ {1, . . . , n}, let Y I be the intersection of irreducible components as in Lemma 3.14 and U I the weak completion of Z along Y I . If we write I = {i 1 , . . . , i k } and {1, . . . , n} \ I = {i k+1 , . . . , i n }, then U I is smooth over
Note that {U {i} } n i=1 is an admissible covering of Z, and hence it suffices to show that
is acyclic. Let V I ⊂ U I be the closed weak formal subscheme defined by x i 1 = · · · = x i k = 0. As [BC, Lem. 4.3] there exists an isomorphism U I ∼ = ( i∈I S i ) × V I , where each S i is a copy of S and the product is taken over W ∅ , such that the projection q : V I → U I is a retraction of the natural embedding. For i ∈ I we denote by x i again the coordinate of S i , and by p i : U I → S i the projection. Let V ′ I be the weak formal log scheme whose underlying space is V I and whose log structure is induced from the divisor defined by
Since
the acyclicity of s · ω • U I /W ∅ ,Q follows via the Künneth formula from the acyclicity of x i · ω • S/W ∅ ,Q , which is easy to confirm by a direct computation.
(2). By (1) we have quasi-isomorphisms C
between the sum-total complexes by Lemma 3.3 and Lemma 3.8.
(3). From the exact sequences
for any i ≥ 0. In other words, we have quasi-isomorphisms C
,Q between the product-total complexes by Lemma 3.3.
(4). By (3) it is enough to show that the map
is an isomorphism for any k ≥ 0 and a strict open weak formal log subscheme Y ′ ⊂ Y with the associated dagger space Y ′ . Without loss of generality, we may assume that Y = Y ′ . We treat first the case with empty horizontal divisor. Let Y = i∈Υ Y i be the decomposition into irreducible components. For a non-empty subset I ⊂ Υ, let Y I := i∈I Y i and endow it with the pull-back log structure of Y . Let Y I ֒→ Z I be the canonical exactification of the natural immersion Y I ֒→ Z and let Y I := Z I × S W 0 . Note that the dagger space Z I (respectively Y I ) associated to Z I (respectively Y I ) coincides with the tubular neighborhood of Y I in Z (respectively Y).
Now it suffices to show that
is an isomorphism for any k ≥ 0, because the tubular neighborhoods of Y i in Z form an admissible covering of Z. By Lemma 3.14, we see that
This surjectivity and the exactness of
Thus we obtain an exact sequence 
and we obtain an isomorphism 
in which the lower horizontal map is a quasi-isomorphism by the result for empty divisor case, and the right vertical map is also a quasi-isomorphism by Lemma 3.15. Furthermore, by (1) and Lemma 3.15 the natural morphism
is a quasi-isomorphism. Taking into account the Lemmas 3.8 and 3.3 as before, we deduce that the left vertical map and hence the upper horizontal map in the diagram (3. 4) are also quasi-isomorphisms. Thus we proved the claim. (1) By (3), the log rigid cohomology groups of RΓ rig (Y /S) also have monodromy operators induced from that of ω • Z/W ∅ ,Q u . (2) In the original paper of Kim and Hain [KH] , they introduced a de Rham-Witt counterpart of ω • Y,Q [u] and stated that its cohomology computes the log crystalline cohomology over W 0 . However the proof has a gap, and works if one replace their Kim-Hain complex by the completed version. The surjectivity of Lemma 3.14 gives that for the log crystalline cohomology, and then the arguments in our proof of the proposition fill the gap of [KH] . (3) It is worth to point out that the map
HK (k 0 ) S = F and H 0 rig (k 0 /S) S = F {s}, the ring of formal power series converging on |s| < 1.
The morphisms in Proposition 3.17 naturally glue and we obtain the following:
Corollary 3.19. Let Y be strictly semistable. Then there is a commutative diagram of natural morphisms
compatible with Frobenius operators, such that the left vertical map is a quasi-isomorphism and the upper horizontal map commutes with monodromy operators.
For a uniformiser π ∈ V , let j π : V ♯ ֒→ S be the exact closed immersion defined by s → π.
Lemma 3.20. Let Y be a strictly semistable log scheme over k 0 and let π ∈ K be a uniformiser. Then the natural morphisms
for any k.
Proof.
There is an open covering {U λ } of Y and strictly semistable log rigid data (Z λ , i λ ) for U λ . We may assume that each of the U λ is affine. Denote by (U • , Z • , i • ) the simplicial log rigid triple induced by the triples (U λ , Z λ , i λ ). The underlying weak formal scheme of Z m is flat over S by [Kato, Cor. 4 .5]. If we denote by M • the simple complex associated to the cosimplicial complex Γ(
The lemma follows from the fact that M • consists of flat F {s}-modules.
Lemma 3.21. Let Y be a strictly semistable k 0 -log scheme. There is a spectral sequence E p,q
on the first sheet coincides with the monodromy operator N in Remark 3.18.
Proof. The spectral sequence is given in the same way as the construction of the Gauß-Manin connection in [Katz, 3.2] . Working locally, we may assume that there exists a log rigid F -datum (Z, i, φ) for Y . Denote by f : Z → S the structure morphism. Define a filtration on ω • Z/W ∅ ,Q by
otherwise. Hence the spectral sequence associated to this filtration
1 is induced from the boundary map of (3. 5). Moreover it coincides the map induced by the monodromy N :
Lemma 3.22. Let Y be a strictly semistable log scheme over k 0 . Then for any
Proof. The connection ∇ GM on H k rig (Y /S) is compatible with Frobenius, so the statement that
is an F -linear section of the surjection in Lemma 3.20 and compatible with Frobenius, we obtain the desired isomorphism.
We can now amend Lemma 3.15. It follows that the analogue for strictly semistable k 0 -log schemes with horizontal divisor of Proposition 3.17 holds as well and we deduce the following statement.
Rigid Hyodo-Kato map
We finally are ready to discuss the rigid Hyodo-Kato map. For the choice of a uniformiser π ∈ K, let j π : V ♯ ֒→ S be the exact closed immersion defined by s → π, and let i π : k 0 ֒→ V ♯ be the unique exact closed immersion such that τ = j π • i π . Let µ be the image of k × under the Teichmüller map, that is the set of |k × | th roots of unity in K. Then there is a decomposition V × = µ(1 + m).
Definition 4.1. Let log : V × → V be the p-adic logarithm function defined by
A branch of the p-adic logarithm on K is a group homomorphism from K × to (the additive group of) K whose restriction to V × coincides with log as above. For q ∈ m \ {0}, let log q : K × → K be the unique branch of the p-adic logarithm which satisfies log q (q) = 0. More precisely, for any uniformiser π the element q can be written as q = π m v, for some m ≥ 1 and v ∈ V × . Thus if we set log q (π) := −m −1 log(v), it extends to a group homomorphism log q : K × → K.
Remark 4.2. Note that any branch of the p-adic logarithm can be written in the form log q for some q ∈ m \ {0}. Indeed, if L : K × → K is a branch of the p-adic logarithm, exp(−p k L(p)) is well defined as an element of 1 + m for a sufficiently large integer k. Then by setting q :
Definition 4.3. Let X be a weak formal log scheme which is log smooth and of finite type over V ♯ , π ∈ V be a uniformiser, and Y := X × V ♯ ,iπ k 0 .
(1) We define the rigid Hyodo-Kato cohomology of X with respect to π to be
as a complex, and endow it with the Frobenius operator ϕ and the normalized monodromy operator N := e −1 N . Here ϕ and N are as in Definition 3.6. For simplicity, we often write
2) Let X be the dagger space associated to X . For q ∈ m{0}, we define the rigid Hyodo-Kato map Ψ π,q : RΓ HK (X , π) → RΓ dR (X ) := RΓ(X, ω
• X /V ♯ ,Q ) with respect to π and log q as follows:
In case there exists a log rigid F -datum (Z, i, φ) for Y := X × V ♯ ,iπ k 0 , set X ′ := Z × S,jπ V ♯ and let X ′ be the associated dagger space. Then we define Ψ π,q as the composite
where ψ π,q is defined by the natural maps
and by
and θ is the canonical quasi-isomorphism given by Proposition 2.5. In the general case, log rigid F -data exist locally, and Ψ π,q is given by gluing the above constructions. We often write
The following proposition explains the relation between different choices of π and q for the rigid Hyodo-Kato map.
Proposition 4.4.
(1) For a uniformiser π ∈ V and elements q, q ′ ∈ m \ {0}, we have
and in particular
(2) Let π and π ′ be uniformisers, and let v := π(π ′ ) −1 ∈ V × . Then there exists a canonical quasi-isomorphism
which is compatible with Frobenius and monodromy operators. Identifying the rigid Hyodo-Kato cohomology theories by ρ π,π ′ , we have
for any q ∈ m \ {0}.
Proof. The equation (4. 1) immediately follows from (4. 2). Note that we have Ψ π,π (u [i] ) = 0 for i > 1, since log π (π) = 0. The equation (4. 2) follows from
To prove (4. 3), we may consider the cases when v ∈ µ and when v ∈ 1 + m K . We first assume that v ∈ µ, and let v ∈ k × be v modulo m. Then there exists an automorphism
which induces an automorphism
These maps make the following diagram commute:
Note that Y and Y ′ can be naturally identified with each other as log schemes, but not as k 0 -log schemes. However ρ v induces an isomorphism
commutes. Since we may work locally, assume that there exists a log rigid F -datum (Y, Z, i, φ) over (k 0 ֒→ S, σ). Let Z ′ := Z × S,ρv S, and ̺ v : Z ′ → Z be the projection. Then we have
which commutes with (4. 5) via structure morphisms. Now ̺ v induces an isomorphism
Moreover this map extends to a morphism
. This naturally commutes with the Frobenius and monodromy operators. Similarly ̺ v and ρ v together induce an isomorphism
where ψ and ψ ′ are defined by
) with the upper (respectively lower) horizontal arrows in (4. 7) coincides with Ψ π,π (respectively Ψ π ′ ,π ′ ), the commutativity of (4. 7) shows that Ψ π,π = Ψ π ′ ,π ′ . Thus we obtain (4. 3) as in this case log(v) = 0.
Next we assume that v ∈ 1 + m K . In this case, we have i :
Thus ρ π,π ′ is given by the identity map. Let Y := X × V ♯ ,i k 0 . As before we may assume that there exists a log rigid F -datum (Z, i, φ) for Y . Let Y ֒→ Z be the canonical exactification of the diagonal embedding Y ֒→ Z × W ∅ Z, Z the dagger space associated to Z, p j : Z → Z (j = 1, 2) the projections, and ∆ : Z → Z the diagonal morphism. If we let k 0 ֒→ S be the exactification of the diagonal embedding k 0 ֒→ S × W ∅ S, the structure map Z → W ∅ naturally factors through S. Note that the underlying space of S is Spwf W s 1 , s 2 , 1 −
gives a chart of its log structure. The function log s 2
is a global function on the dagger spaces associated to S and hence gives a global function on Z, although it does not belong to W s 1 , s 2 , 1 −
and degree zero elements u
j for i ≥ 0 with relations
and u
[0] j = 1 and the multiplication defined by
is a quasi-isomorphism. Therefore we see that this extends to a quasi-isomorphism
via similar arguments as in the proof of Proposition 3.17 (2) using the description by double complexes. Clearly p * j is compatible with N and N j . We define a quasi-isomorphism
This map indeed commutes with the differential by
Let X ′ := Z × S,jπ V ♯ and X ′′ := Z × S,j π ′ V ♯ . Let j π,π ′ : V ♯ ֒→ S be an exact closed immersion defined by s 1 → π and s 2 → π ′ , which is well-defined since v ∈ 1 + m K in this case. Let X := Z × S,j π,π ′ V ♯ . By abuse of notation we also denote by p 1 : X → X ′ and p 2 : X → X ′′ the morphisms induced by p 1 and p 2 . Now the following diagram commutes:
of natural morphisms and setting u ) in natural ways, the commutativity of (4. 8) gives (4. 3).
Finally, (4. 4) follows from (4. 2) and (4. 3) because
This finishes the proof.
For a fixed q ∈ m \ {0}, we may by the above proposition identify RΓ HK (X , π) and Ψ π,q for all choices of π. For simplicity, we often use the notation RΓ HK (X ) and Ψ q for them.
We study now the effects of extending the base field on the above definition.
Proposition 4.5. Let K ′ be a finite extension of K of ramification index ℓ. Let V ′♯ be the weak formal spectrum of the ring of integers of K ′ with the canonical log structure. Let X ′ and X be fine weak formal log schemes which are log smooth and of finite type over V ′♯ and V ♯ respectively. For a morphism f : X ′ → X which is compatible with the natural morphism V ′♯ → V ♯ , there exists a canonical morphism
which is compatible with Frobenius and monodromy operators. Furthermore, if π ′ ∈ V ′ and π ∈ V are uniformisers with (π ′ ) ℓ = πv for v ∈ V × , we for any q ∈ m \ {0} have
) denotes the natural morphism induced by f .
Proof. Let W ′ , F ′ , k ′0 , S ′ , and σ ′ be the rings, the spaces, and the Frobenius endomorphism corresponding to K ′ . We define a morphism τ = τ K ′ /K : S ′ → S by the inclusion W ֒→ W ′ and setting t → t ℓ . Let τ = τ K ′ /K : k ′0 → k 0 be the morphism induced by τ . Since the relation between the choices π and πv is given by the Proposition 4.4, it is enough to consider the case v = 1. In this case, the following diagram commutes:
f is compatible with τ . We may assume that there exist log rigid
φ be the Frobenius lift on Z induced from that on Z and σ ′ on S ′ , and Z be the dagger space associated to Z. Then ( Z, i, φ) is a log rigid F -datum for Y ′ . The projection Z → Z induces a morphism
which extends to a morphism
. Clearly f * HK commutes with the Frobenius operators. Since the normalized monodromy N on RΓ HK (X ) and RΓ HK (X ′ ) are defined to be e −1 N and (eℓ) −1 N respectively, we moreover see that f * HK commutes with the monodromy operator by
To see the relation with the rigid Hyodo-Kato map, let X := Z × S V ♯ , X ′ := Z × S ′ V ′♯ , and consider a commutative diagram
where ψ and ψ ′ are defined by u [i] → 0 for i > 0. Since the right vertical map commutes with f * dR , the commutativity of (4. 9) shows that (4. 10)
HK . For the general case (when v is not necessary 1), by Proposition 4.4 and (4. 10) we have
Corollary 4.6. Let X be a strictly semistable weak formal log scheme of finite type over V ♯ . For any finite extension K ′ /K, there exists a strictly semistable weak formal log scheme X ′ over V ′♯ with a morphism f :
whose morphisms are all quasi-isomorphisms after tensoring appropriate fields.
Proof. The existence of X ′ follows from [HL, Prop. 1.10, Rem. 1.12 ] The second statement follows immediately from the last proposition.
A crucial property of the original Hyodo-Kato map is that it provides a quasi-isomorphism after extension by K. In the strictly semistable case, the same holds for the rigid analogue.
Proposition 4.7. Let X be a strictly semistable weak formal log scheme of finite type over V ♯ . For any uniformiser π and q ∈ m \ {0}, the map Ψ π,q,K is a quasi-isomorphism.
Proof. By Proposition 4.4 (1), we may assume that q = π. Moreover we may assume that there exists a strictly semistable log rigid
. Thus the assertion follows from Lemma 3.20 and Lemma 3.22.
Lastly, we note that in the smooth case our construction recovers the base change of (nonlogarithmic) rigid cohomology.
Proposition 4.8. Let X ∅ be a smooth weak formal scheme of finite type over V with the special fibre Y ∅ , and let X be the log scheme whose underlying scheme is X ∅ and whose log structure is the pull-back of that of V ♯ . Then the monodromy operator on H k HK (X ) is trivial, and there exists a canonical isomorphism RΓ HK (X ) ∼ = RΓ rig (Y ∅ /W ∅ ) compatible with Frobenius such that the diagram
for any q ∈ m \ {0} commutes. Here the upper horizontal map is the base change morphism of (non-logarithmic) rigid cohomology.
Proof. Let π ∈ V be a uniformiser and let Y := X × V ♯ ,iπ k 0 . By taking an affine open covering of Y , we may construct a simplicial (log) scheme U • and a simplicial weak formal scheme U • over W such that the U m are smooth over W and endowed with Frobenius lifts φ ′ m which commute with each other. Consider the weak formal scheme Z m := U m × Spwf W S and endow it with the pull-back log structure of S. Let φ m be the endomorphism on Z m defined by φ ′ m on U m and σ on S. We endow U m with the pull-back log structure of Z m via the zero section. Let i m : U m ֒→ Z m be the embedding given by the zero section. Then (U • , U • , i • , φ • ) is a simplicial log rigid F -quadruple. We use this to compute the cohomology groups
by the Künneth formula. By Proposition 3.17, the isomorphism in (4. 11) gives a quasiisomorphism RΓ HK (X ) ∼ = RΓ rig (Y ∅ /W ∅ ). Together with (4. 12) this implies that
can be represented by aČech cocycle of ω • Z•/W ∅ ,Q , which maps to zero by the monodromy operator.
if r ≥ 2 and a nodal curve if r = 1. In particular, if r ≥ 2, (Y (r) , Z (r) , i (r) , φ (r) ) is a strictly semistable log rigid F -quadruple over (k 0 ֒→ S, σ). We denote by Z (r) , Z n and W n the dagger spaces associated to Z (r) , Z n and W n , respectively. We note that for each a ∈ Q p with |a| < 1, the fibre at s = a in Z (r) is the Tate curve over F (a) with period a r . Namely, there is a natural isomorphism of dagger spaces [u] associated to the covering {Z n } r n=1 of Z (r) . To be presice,Č • HK is given by the complex
with differentials given by
and theČech differential respectively. Let K be a totally ramified extension of F with ring of integers V , and let π ∈ K be a uniformiser. Let X := Z (r) × S,s →π V ♯ and X the associated dagger space, which is the Tate curve over K with period π r . Then
, and the Hodge filtration on the de Rham cohomology is induced by the stupid filtration F p Ω • X := Ω
•≥p X . The de Rham cohomology is computed by the orderedČech complexČ dR
where the differentials are defined in a similar way as those of C 
respectively. Note that the normalized monodromy is given by N = e −1 N where e is the ramification index of K over Q p . (2) We have H 1 dR (X ) ∼ = Ke dR 1 ⊕ Ke dR 2 with the Hodge filtration
where the classes e dR 1 and e dR 2 are represented by the cocycles
and Ψ q (e HK 2 ) = e dR 2 − r log q (π)e dR 1 . Remark 5.2. We may also compute the zeroth and second cohomology groups of X . The rigid Hyodo-Kato map in both cases is independent of the choice of q, and the resulting filtered (ϕ, N )-modules are K(0) and K(−1), respectively.
Comparison with classical crystalline Hyodo-Kato theory
The goal of this section is to compare the rigid Hyodo-Kato theory introduced in this paper with classical crystalline Hyodo-Kato theory in the case of a proper semistable log scheme over V ♯ possibly with a horizontal divisor. Here by abuse of notation we also denote by V ♯ the scheme Spec V endowed with the canonical log structure. We continue to use the conventions established in 3.1. In addition, a natural number n 1 as an index denotes the reduction modulo p n .
Our main references are [HK] , where Hyodo-Kato theory was introduced, and [Fa, Ts] . Compare also [Na] where some of the technical problems were solved. Let us briefly recall the relevant definitions.
The minimal equation of a uniformiser π of V is given by an Eisenstein polynomial f of degree e. Thus V can be written as a quotient W s /f W s . The PD-hull S P D of V is obtained by adjoining to W s the divided powers f n n! . However, it is sufficient to adjoin s en n! as the ideal (p) already contains divided powers. While the ring S P D itself therefore only depends on the ramification index e, the P D-filtration, which is used to compute crystalline cohomology does depend on V (but not on the choice of a uniformiser). It is endowed with a Frobenius σ, which is a P D-morphism, induced by the absolute Frobenius of V Contrary to the rigid definition given in this paper, the crystalline Hyodo-Kato map does not offer the possibility to choose a branch of logarithm. It is therefore only logical that we may compare the rigid and crystalline Hyodo-Kato morphism only for a specific choice of the p-adic logarithm. Let X be a weak formal log smooth V ♯ -log scheme of Cartier type. For a uniformiser π of V we set again Y := X × V ♯ ,iπ k 0 . Recall that Ψ π,π : RΓ HK (X , π) → RΓ dR (X ) factors as
where ψ is the natural morphism induced by u [i] → 0 (compare Corollary 3.19), and j * π is induced by s → π.
For the comparison between the rigid and the crystalline Hyodo-Kato morphism, we restrict ourselves to the case of a strictly semistable proper log scheme over V ♯ with a horizontal divisor. Definition 6.5.
(1) For integers n ≥ 1 and m ≥ 0, let V ♯ (n, m) → V ♯ be the morphism of fine log schemes induced by the diagram
where α 0 is defined by α 0 (1) := π, α is the natural inclusion, and β is the composition of the diagonal map N → N n and the canonical injection N n → N n ⊕ N m . Note that V ♯ (n, m) is independent of the choice of π up to canonical isomorphisms over V ♯ . (2) A V ♯ -log scheme X is called strictly semistable, if Zariski locally on X there exists a strict log smooth morphism X → V ♯ (n, m) over V ♯ . The divisor D defined locally by (1, . . . , 1) ∈ N m is called the horizontal divisor of X. The horizontal divisor can be empty because we allow m = 0.
Let X be strictly semistable over V ♯ with horizontal divisor D. The complement U X := X\D is a strictly semistable scheme over V ♯ with empty horizontal divis. Sometimes, the pair (U X , X) is called a strictly semistable V ♯ -log scheme with boundary as in [EY, Def. 3.3] .
Proposition 6.6. In the situation described above, assume in addition that X is proper. Denote by U the weak completion of U X . For any choice of uniformiser π there is a commutative diagram Proof. Let X be the weak completion of X and set U := U × V ♯ ,jπ k 0 and Y := X × V ♯ ,jπ k 0 . We consider the diagram
where the composition of the upper horizontal maps gives Ψ π,π : RΓ HK (U , π) → RΓ dR (U ) and the composition of the bottom maps give Ψ cris π : RΓ cris HK (X) Q → RΓ cris (X/V ♯ ) Q .
The morphisms from rigid to crystalline cohomology pass through convergent cohomology as explained in [EY, §4.1] . That is, the left map is given by
where the first morphism is a quasi-isomorphism by [EY, Lem. 4.3] , and the second one by [Sh1, Thm. 3 
where again the first quasi-isomorphism is [EY, Lem. 4.3] , the middle one reflects the invariance of convergent cohomology under nilpotent thickenings, and the last one is [Sh1, Thm. 3.1.1] . By the Lemmas 3.15 and 3.23 the vertical maps in the top row are quasi-isomorphisms and the upper squares commute. By Corollary 3.19 the second left square commutes and second vertical map on the left is a quasi-isomorphism. It follows immediate from the definitions that the bottom squares commute. Furthermore, it is clear that all morphisms (except on the right hand side of the diagram) commute with Frobenius morphisms. By uniqueness of the section s π it follows then that Ψ π,π and Ψ cris π are compatible.
To finish this section, we compare our construction with Große-Klönne's construction of a rigid Hyodo-Kato morphism in [GK, § 3] . His construction for strictly semistable log schemes over k 0 was extended to allow a horizontal divisor in [EY, § 2.1] . The construction uses an auxiliary simplicial log scheme with boundary over S := S mod p.
Definition 6.7. Let Y be a strictly semistable log scheme over k 0 (not necessarily proper) with a horizontal divisor D, and set U = Y \D. Denote by (V U
• , P U • ) and (V Y • , P Y • ) the simplicial log schemes with boundary associated to U and Y , respectively, as described in [EY, § 2.1] .
Then there is a commutative diagram given in [EY, (2.1) ]
where the maps j * 0 and j * π are again induced by s → 0 and s → π, respectively. By [EY, Lem. 2.3, Cor. 2.4 ] the vertical maps are quasi-isomorphisms. For the upper row, it was shown in [GK, Thm. 3 .1] that the left horizontal map j * 0 is a quasi-isomorphism and that the composition Ψ GK π := j * π • j * ,−1 0 becomes a quasi-isomorphism which depends on π after tensoring with K. It follows from [EY, Lem. 2.3, Cor. 2.4 ] that the same is true for the lower row. Moreover, it is functorial by [EY, Prop. 2.5] . In both cases we refer to the map Ψ GK π as Große-Klönne's Hyodo-Kato map.
Corollary 6.8. Let X be a proper strictly semistable V ♯ -log scheme with a horizontal divisor D. Let U X := X\D. Denote by U the weak completion of U X . For a choice of uniformiser π of
where the composition of the top maps give Ψ GK π : RΓ rig (U/W 0 ) → RΓ rig (U/V ♯ ) and the composition of the bottom maps give Ψ cris π : RΓ cris HK (X) Q → RΓ cris (X/V ♯ ) Q . By [EY, Lem. 4.7] it is possible to define a Frobenius morphism on RΓ rig ((V U
• , P U • )/S) and RΓ rig ((V Y • , P Y • )/S) as explained in [EY, § 1.3.4] . Then again all maps in the diagram (except for the ones on the right hand side) commute with Frobenius morphisms. As before, we invoke the uniqueness of the section s π to deduce that Ψ GK π and Ψ cris π are compatible.
